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Ghost free boson-fermion co-existence system
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We study co-existence system of both bosonic and fermionic degrees of freedom. Even if La-
grangian does not include higher derivatives, fermionic ghosts exist. For Lagrangian with up to first
derivatives, we find the fermionic ghost-free condition in Hamiltonian analysis, which is found to
be the same with requiring that the equations of motion of fermions are first-order in Lagrangian
formulation. When fermionic degrees of freedom are present, uniqueness of time evolution is not
guaranteed a priori because of the Grassmann property. We confirm that the additional condition,
which is introduced to close Hamiltonian analysis, also ensures the uniqueness of the time evolution
of system.
I. INTRODUCTION
The presence of inflation and dark energy, the past and the current acceleration of the Universe, is strongly supported
by recent observations, e.g., of cosmic microwave background anisotropies [1, 2] and of supernovae [3, 4]. However, we
have not yet identified what caused inflation and what causes the current acceleration of the Universe. If we had the
unique ultimate theory, it would automatically predict the past and current acceleration and one could easily identify
the fields responsible for them. Unfortunately we have not yet discovered such a theory, and hence, we have to pin
down the true theory step by step through observational results. For such a purpose, it will be quite useful to consider
a general theory realizing inflation and/or dark energy because the true theory would lie in such a framework if it is
wide enough.
One of the famous examples of such general theories is Horndeski theory [5], which is the most general (single-
field) scalar tensor theory with second-order equations of motion to avoid ghost instabilities. This theory, originally
proposed by Horndeski more than 40 years ago, was recently rediscovered [6] in the context of Galileon theory [7],
and their equivalence was proven in Ref. [8]. It was, however, noticed [9–11] that the requirement of the second-order
nature of Euler-Lagrange equations is more than enough to avoid ghost instabilities. A wider class of models [12–20]
can realize healthy scalar-tensor theories without the ghost instabilities associated with higher derivatives. Another
interesting example to consider a generic theory is the effective field theory approach to inflation [21, 22] and to dark
energy [23–25]. In [22], cosmological perturbations are controlled by the symmetry of the background cosmology, and
any terms respecting this symmetry can appear. This approach is in some sense wider than the previous one in that
it can accommodate higher derivative terms leading to ghosts as long as the cutoff scale around which the ghosts
would appear is above the scale we are interested in. On the other hand, it straightforwardly implies that such higher
derivative terms cannot play a dominant role of the dynamics because, otherwise, the associated ghosts would appear
even at the scale we are interested in. Thus, though both approaches are complementary and have their pros and cons
respectively, we confine ourselves to the former approach and search for a general theory free from ghost instabilities
in this paper.
The former approach was recently extended even to vector-tensor theory [26–33]. However, as far as we know, no
one has tried to extend this approach (in fact, both approaches) so as to include fermionic degrees of freedom. Then
we are led to a question of what is the most general theory including fermionic degrees of freedom without ghost
instabilities. As discussed in [38–40], fermionic matter can be responsible for the acceleration of the universe. Even if
fermionic degrees of freedom do not dominate the universe, the whole Lagrangian should include fermions as standard
model particles, whose effect might be observed through the loop corrections to the bispectrum of primordial curvature
perturbations as pointed out in [34, 35]. Their couplings to the inflaton are also important when one discusses the
reheating stage of inflation. A generic discussion in the context of the effective field theory approach to reheating
is given in Refs. [36, 37], though it is confined to bosonic degrees of freedom. In this paper, according to the same
spirit with Ref. [41] (see also [42] for a complementary analysis and [12, 15, 17, 43] for field theoretical extensions.),
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2as a first step, we begin with point particle theory with both bosonic and fermionic degrees of freedom and derive the
ghost-free condition. The extension to field theory and higher derivatives will be given in a further publication soon.
This paper is organized as follows. In the next section, we review the properties of Grassmann algebra and fermions
based on the textbook written by Henneaux and Teitelboim [44]. In Sec. III, we concentrate on the purely fermionic
system and explain that the absence of negative norm states requires the reduction in the dimension of phase space. In
Sec. IV, we give our setup of the coexistence system with bosonic and fermionic point particles and derive the condition
for avoiding fermionic ghosts, which we call the maximally-degenerate condition. We then perform a Hamiltonian
analysis of the system satisfying the condition. We find another condition guaranteeing that secondary constraints
are not produced and all the Lagrange multipliers are uniquely determined. In the last part of Sec. IV, we also show
how these conditions can be understood in Lagrangian formulation. In Sec. V, we provide concrete examples, which
are free from fermionic ghosts, and explicitly show the consistency with our analysis. The final section is devoted
to summary. In Appendix A, we mention how to produce primary constraints properly even when the maximally-
degenerate condition is not satisfied. In Appendix B, we discuss Hamiltonian analysis including fermions when we also
possibly have secondary constraints. In Appendix C, we explicitly prove that the maximally-degenerate condition
is equivalent to the presence of N primary constraints. In Appendix D, we calculate the Dirac brackets between
canonical variables in the maximally-degenerate case. In Appendix E, we give a simple extension to the ghost free
boson-fermion co-existence field theory.
II. GRASSMANN ALGEBRA AND CANONICAL FORMALISM
In quantum field theories, fermionic fields obey canonical anti-commutation relations, {ψa(t,x), πb(t,y)}+ =
iδab(x − y), where ψa is a fermion and πa is its conjugate momentum. For the purpose of constructing a gen-
eral action with bosons and fermions, we would like to start with the classical (or “pseudo-classical”) treatment of
them. To deal with fermions in the context of classical mechanics, one needs to reformulate canonical formalism such
that classical analysis is consistent with anti-commutation relations in quantum theory. In the first part of this sec-
tion, we briefly provide an overview of the basics of Grassmann algebra. Then, we focus on Hamiltonian formulation
including fermionic degrees of freedom. (All the materials described in this section and Sec. III are based on [44].)
A. Grassmann algebra
A Grassmann algebra is formed by generators ξA with A = 1, 2, ...,M satisfying the anti-symmetric relations,
ξAξB + ξBξA = 0. From this definition, it is clear that each generator squared should be zero, ξAξA = 0 (no
summation), which suggests the Pauli exclusion principle at the level of classical mechanics. In terms of generators
ξA, an arbitrary function g can be expressed as
g = g0 + gAξ
A + gABξ
AξB + · · ·+ gA1...AM ξA1 ... ξAM , (1)
where the coefficients gA1...An are completely anti-symmetric. The terms made of an even (odd) number of ξ
A are
called “Grassmann-even” (“Grassmann-odd”). Now we introduce even dynamical variables qi(t) (i = 1, 2, · · ·n) and
odd ones θα(t) (α = 1, 2, · · ·N) as follows,
qi(t) = qi0(t) + q
i
AB(t)ξ
AξB + · · · , (2)
θα(t) = θαA(t)ξ
A + θαABC(t)ξ
AξBξC + · · · , (3)
where the coefficients qiA1...An and θ
α
A1...An
are completely anti-symmetric and time-dependent. (Since we do not
require the covariance, superscripts and subscripts are just labels of the variables, e.g., θα = θα, except for Appendix
E.) These variables satisfy the following (anti-)commutation relations:
qiqj − qjqi = 0 , (4)
θαqi − qiθα = 0 , (5)
θαθβ + θβθα = 0 . (6)
From the above relations, qi(t) can be regarded as bosons and θα(t) as fermions.
Function Because of Grassmann nature, an arbitrary (super)function f(qi, θα), which depends on ξA only through
qi and θα, can be expanded in powers of the odd variables θα,
f(qi, θα) = f0(q
i) + fα(q
i)θα + fαβ(q
i)θαθβ + · · · , (7)
where f0(q
i) and fα1...αk(q
i) are Grassmann-even functions with fully anti-symmetric indices.
3Derivative Left derivatives with respect to Grassmann-odd variables are defined by removing the variable from the
left,
δf = δθα
∂Lf
∂θα
. (8)
Throughout this paper, we use left derivatives and omit the superscript L for the derivative operator, ∂/∂θα ≡
∂L/∂θα.
Complex conjugate Let us define the complex conjugate in Grassmann algebra. In order to be consistent with
Hermitian conjugation of operators, the complex conjugation is required to have the following properties:
(θαθβ)∗ = θβ ∗ θα ∗, (9)
(θα ∗)∗ = θα, (10)
(a θα)∗ = a∗ θα ∗, (11)
where a is a complex number.
Inverse matrix Whether a matrix is invertible or not plays an important role in degenerate theories as we will see in
Sec. IV. The condition for the existence of the inverse matrix of a Grassmann valued square matrix is obtained
as follows. We introduce two square matrices that are functions of the variables qi and θα, which can be in
general written as
A(qi, θα) = A0(q
i) +Aα(q
i)θα +Aαβ(q
i)θαθβ + · · · , (12)
B(qi, θα) = B0(q
i) +Bα(q
i)θα +Bαβ(q
i)θαθβ + · · · , (13)
where A0, Aα, ..., B0, Bα, ... are fully anti-symmetric matrices depending on q
i. The condition that B be the
inverse of A is given by AB = I, where I is the identity matrix, which leads to the following equations,
A0B0 = I , (14)
A0Bα +AαB0 = 0 , (15)
A0Bαβ +
1
2
(AαBβ −AβBα) +AαβB0 = 0 , (16)
... .
You will find that if and only if A0 has the inverse, the equations can be solved successively as
B0 = A
−1
0 , (17)
Bα = −A−10 AαA−10 , (18)
Bαβ =
1
2
A−10 (AαA
−1
0 AβA
−1
0 −AβA−10 AαA−10 )−A−10 AαβA−10 , (19)
...
which also satisfy BA = I. Therefore, we conclude that a matrix A has the inverse if and only if A0 has the
inverse, i.e.,
det(A0) 6= 0 , where A0 = A|θ=0 . (20)
B. Hamiltonian formulation
Now we move on to Hamiltonian formulation both with n Grassmann-even variables qi(t) and N Grassmann-odd
ones θα(t). In the present paper, we consider the Lagrangian containing up to the first derivatives, namely,
S =
∫ t2
t1
L(qi, q˙i, θα, θ˙α)dt . (21)
4We require that the Lagrangian be an even and real function, since the Hamiltonian is the generator of time evolution.
The dynamical variables qi and θα are taken to be real 1 throughout this paper. The variations with respect to
zA = (qi, θα) yield Euler-Lagrange equations,
d
dt
(
∂L
∂z˙A
)
− ∂L
∂zA
= 0 , (22)
where we require the variations to vanish at the endpoints, δzA(t1) = δzA(t2) = 0. The canonical momenta are defined
by
pi =
∂L
∂q˙i
, πα =
∂L
∂θ˙α
. (23)
Note that pi are even and real variables as usual, while πα are odd and imaginary variables
2, since the Lagrangian is
real and even. Then, the Hamiltonian is given by
H = q˙ipi + θ˙
απα − L(qi, q˙i, θα, θ˙α) (24)
and the variational principle of action yields Hamilton’s equations,
q˙i =
∂H
∂pi
, p˙i = −∂H
∂qi
, θ˙α = − ∂H
∂πα
, π˙α = − ∂H
∂θα
. (25)
It should be noticed that the minus sign appears in the third equation. The time-evolution of a function F (qi, θα)
can be expressed as F˙ = ∂F/∂t+ {F,H}, where the Poisson bracket between arbitrary functions F and G is [45]
{F,G} =
(
∂F
∂qi
∂G
∂pi
− ∂F
∂pi
∂G
∂qi
)
+ (−)εF
(
∂F
∂θα
∂G
∂πα
+
∂F
∂πα
∂G
∂θα
)
. (26)
Here, εF represents the Grassmann parity of F , i.e., εF = 0 if F is even, and εF = 1 if F is odd. As a consequence,
the Poisson brackets between the canonical variables are found to be
{qi, pj} = δij , {θα, πβ} = −δαβ , (27)
{qi, qj} = {pi, pj} = {θα, θβ} = {πα, πβ} = 0 . (28)
The Poisson bracket satisfies the following identities,
{F, G} = (−)εF εG+1{G, F} , (29)
{F, G1G2} = {F, G1}G2 + (−)εF εG1G1{F, G2} , (30)
{F1F2, G} = F1{F2, G} + (−)εF2εG{F1, G}F2 , (31)
which are easily proved from the definition of the Poisson bracket (26).
The prescription of the canonical quantization is simply replacing the Poisson brackets between canonical variables
by commutation relations for bosons and by anti-commutation relations for fermions as
{A,B} →


(i~)−1{Aˆ, Bˆ}− if A and B are bosons,
(i~)−1{Aˆ, Bˆ}− if A is a boson (fermion) and B is a fermion (boson),
(i~)−1{Aˆ, Bˆ}+ if A and B are fermions,
(32)
where the commutator and anti-commutator are respectively defined as {Aˆ, Bˆ}− = AˆBˆ−BˆAˆ and {Aˆ, Bˆ}+ = AˆBˆ+BˆAˆ.
If the system contains (second class) constraints 3, one should rather use the Dirac bracket instead of the Poisson
bracket, defined by
{A,B}D = {A,B} − {A, φa}(C−1)ab{φb, B} , (33)
where φa are second class constraints and Cab = {φa, φb}. Hereafter, we set ~ = 1 in this paper. One should note
that real variables such as qi, pi, and θ
α will be promoted to Hermitian operators, and the imaginary variables πα
then become anti-Hermitian operators through the canonical quantization.
1 Since complex variables can be decomposed into real and imaginary parts and expressed in terms of a set of two real variables, we can
always identify complex variables with doubled real variables without loss of generality.
2 Please refer to footnote 6 for the details.
3 When the system contains first class constraints (sometimes in addition to second class constraints), we can add gauge fixing conditions
to the set of the constraints, which effectively leads to a system only with second class constraints.
5III. NECESSITY OF DEGENERACY - EXAMPLE: PURELY FERMIONIC SYSTEM
Contrary to a purely bosonic system, an N -fermionic system needs constraints eliminating N/2 ghostly degrees of
freedom to realize a healthy system. We will see the appearance of negative norm states for the fermionic system
without any constraints, i.e., in non-degenerate theories. We also show how the negative norm states are avoided
for the usual Weyl-type fermions. We omit bosonic degrees of freedom here for simplicity, but the essence does not
change for the boson-fermion co-existence system as we will see in the next section.
A. Non-degenerate fermionic system
In this subsection, we begin with the action given by
S =
∫ t2
t1
L(θα, θ˙α)dt . (34)
We assume that the Lagrangian is non-degenerate,
det
(
∂2L
∂θ˙β∂θ˙α
)(0)
6= 0 , where
(
∂2L
∂θ˙β∂θ˙α
)(0)
=
∂2L
∂θ˙β∂θ˙α
∣∣∣∣
θ,θ˙=0
, (35)
and the Euler-Lagrange equations (22) then contain the second time derivatives of θα. In other words, this system
does not have any constraints, and the total number of degrees of freedom is the same as the number of the original
variables N . (The phase space is spanned by 2N canonical variables.)
Now we would like to show that non-degenerate fermionic system inevitably gives negative norm states. Similar
situations are known to be found in the non-degenerate Lagrangian with higher derivatives of bosonic variables. In
the bosonic case, after the replacement of the higher derivative terms with newly defined variables, one finds that the
Hamiltonian is linear in momentum and not bounded from below, which leads to Ostrogradsky’s ghost instability [46,
47]. This ghost can be interpreted as the appearance of negative norm states in the quantized theory [48]. In a
fermionic system, the positivity of the Hamiltonian is not guaranteed at the classical level, and we should discuss the
stability after the quantization. Based on the canonical quantization (32), we obtain anti-commutation relations,
{θˆα, πˆβ}+ = −iδαβ ,
{θˆα, θˆβ}+ = {πˆα, πˆβ}+ = 0 .
(36)
Here, the canonical operators θˆα and πˆα are now Hermitian and anti-Hermitian operators, respectively. Then, we
introduce orthogonal Hermitian operators,
Aˆα =
1√
2
(θˆα − iπˆα) , Bˆα = 1√
2
(θˆα + iπˆα) , (37)
and the anti-commutation relations between them are given by
{Aˆα, Aˆβ}+ = −δαβ , {Aˆα, Bˆβ}+ = 0 , {Bˆα, Bˆβ}+ = δαβ . (38)
One immediately notices that all eigenvalues of the first anti-commutator have the negative sign, leading to the
negative norm states, while those of the third anti-commutator have the correct sign guaranteeing the positivity of
the norm of states. This fact tells us that each fermionic degree of freedom in physical space should carry 1 degree of
freedom in phase space, otherwise negative norm states inevitably appear, which implies that N/2 physical degrees of
freedom (N degrees of freedom in phase space) are extra degrees of freedom corresponding to fermionic ghosts. Since
this is a direct consequence of the canonical quantization of the canonical variables θα and πα (36), any fermionic
non-degenerate theories always suffer from negative norm states even if we have bosonic variables in addition.
B. Degenerate fermionic system
Although the appearance of negative norm states seems to be a generic feature of a non-degenerate fermionic system
as we saw in the previous subsection, we already known that a Weyl field, for example, does not suffer from such a
problem. Here, we review why such a theory can avoid negative norm states by illustrating a simple model,
L = − i
2
θ˙αθα . (39)
6Obviously, the Euler-Lagrange equations are first-order differential equations, and this model could be regarded as a
classical counterpart of a Weyl fermion. The canonical momenta are given by πα = −iθα/2, which lead to the primary
constraints,
φα ≡ πα + i
2
θα = 0 . (40)
Since the Hamiltonian vanishes, H = 0, the total Hamiltonian is simply given by HT = φαµ
α, where µα are the
Lagrange multipliers 4. The Poisson brackets between the primary constraints are {φα, φβ} = −iδαβ, which means
that all φα are second class constraints, and no further constraints are added. Then the time evolution of the
constraints (40) determines the Lagrange multipliers as φ˙α = {φα, φβ}µβ = −iµα ≈ 0, where ≈ means the weak
equality. The dimension of the phase space spanned by the canonical variables is 2N . Since we have N (second class)
primary constraints, the number of physical degrees of freedom is (2N −N)/2 = N/2 as it should be.
For confirmation, we now check the absence of negative norm states in this system. Since we have second class
constraints, we evaluate the Dirac brackets between all canonical variables,
{θα, θβ}D = −iδαβ , {θα, πβ}D = −1
2
δαβ , {πα, πβ}D = i
4
δαβ , (41)
and the canonical quantization leads to the following anti-commutation relations,
{θˆα, θˆβ}+ = δαβ , {θˆα, πˆβ}+ = − i
2
δαβ , {πˆα, πˆβ}+ = −1
4
δαβ . (42)
One should note that these anti-commutation relations between the canonical variables are consistent with the primary
constraints, i.e., plugging πˆα = −iθˆα/2 into the second and the third expressions in (42) recovers the first one. It is
clear that negative norm states do not appear in this system since the relations {θˆα, θˆβ}+ are positive definite. 5
IV. DEGENERATE THEORIES IN BOSON-FERMION CO-EXISTENCE SYSTEM
As seen in the previous section, the unique solution to avoid negative norm states in N -fermionic system is to have
a sufficient number of constraints eliminating N/2 ghostly degrees of freedom. In this section, we provide a general
approach to constructing a degenerate Lagrangian of the boson-fermion co-existence system, whose physical degrees
of freedom are n+N/2 with n the number of bosonic variables. We focus on the most general Lagrangian containing
up to first time derivatives of bosons and fermions (21). In the former part of this section, we derive a (sufficient)
condition which yields N constraints to eliminate fermionic ghosts in the Hamiltonian formulation. In the latter
part, we show that the condition, imposed in Hamiltonian formulation, is equivalent to requiring that the equations
of motion of fermions are first-order differential equations. We also introduce another condition, which we call the
uniqueness condition, to have no more constraints in Hamiltonian formulation and show that it is responsible for the
unique time evolution of the system in Lagrangian formulation.
A. Degeneracy condition
If the time derivatives of qi and θα are expressed in terms of the canonical variables (qi, pi, θα, πα), we do not have
any primary constraints. Therefore, we need to look for the condition where the time derivatives of qi and θα are not
written in terms of the canonical variables. Let us then consider the infinitesimal variations of the canonical momenta
with respect to all variables, (
δpi
δπα
)
= K
(
δq˙j
δθ˙β
)
+
(
Lq˙iqj −Lq˙iθβ
Lθ˙αqj Lθ˙αθβ
)(
δqj
δθβ
)
, (43)
4 The order of the constraints φα and the Lagrange multipliers µα in the total Hamiltonian should be like φαµα in the left derivative
notation. We also note that µα are Grassmann-odd numbers.
5 Here, we adopt θˆα as independent variables since they are Hermitian operators. If one would like to adopt πˆα instead, they should be
multiplied by i to be Hermitian.
7where K is the kinetic matrix,
K =
(
Aij Biβ
Cαj Dαβ
)
, (44)
whose components are defined by
Aij =
∂pi
∂q˙j
= Lq˙iq˙j , Biβ = −
∂pi
∂θ˙β
= −Lq˙iθ˙β ,
Cαj = ∂πα
∂q˙j
= Lθ˙αq˙j , Dαβ =
∂πα
∂θ˙β
= Lθ˙αθ˙β
(
= −Lθ˙β θ˙α
)
. (45)
Here we have introduced an abbreviated notation,
LXY =
∂2L
∂Y ∂X
=
∂
∂Y
( ∂L
∂X
)
. (46)
It should be noticed that all the sub-matrices depend on (qi, q˙i, θα, θ˙β) in general. By construction, Aij is a Hermitian
symmetric matrix, while Dαβ is an anti-Hermitian anti-symmetric matrix, both of which are Grassmann-even
6 Biβ
and Cαj are Grassmann-odd and related as CT = −B. In the present paper, we assume that the bosonic submatrix of
the kinetic matrix Aij is non-degenerate, i.e., invertible. This assumption is equivalent to requiring
detA
(0)
ij 6= 0 , where A(0)ij = Aij |θ,θ˙=0 , (47)
as discussed in Sec. II. A.
Multiplied by the inverse of Aij , A
ij , the first line of (43) can be solved for δq˙i as
δq˙i = Aijδpj −AijBjαδθ˙α −AijLq˙jqkδqk +AijLq˙jθαδθα , (48)
and plugging this into the second line of (43) gives
(Dαβ − CαiAijBjβ)δθ˙β = δπα − CαiAijδpj +
(
CαiAijLq˙jqk − Lθ˙αqk
)
δqk − (CαiAijLq˙jθβ + Lθ˙αθβ) δθβ . (49)
Now we would like to consider the situation such that the velocities θ˙α cannot be expressed in terms of other canonical
variables, that is, the coefficient matrix of δθ˙α does not have the inverse, equivalent to imposing the degeneracy
condition,
detD
(0)
αβ = 0 , where D
(0)
αβ = Dαβ|θ,θ˙=0 . (50)
We consider the cases of N = 1, N = 2, and N ≥ 3 separately.
• N = 1 case:
Let us start with a single fermionic variable, N = 1. In this case, both D and CA−1B are zero due to the Grass-
mann property, and the degeneracy condition of the kinetic matrix is automatically satisfied. More importantly,
the coefficient matrix D−CA−1B always vanishes, and we have a primary constraint φ1 = π1−f1(q, p, θ), which
will remove the fermionic ghost properly.
• N = 2 case:
When N = 2, the matrix D is no longer zero, which, in general, has the following form,
D =
(
0 D12
−D12 0
)
. (51)
6 The product of two real fermionic variables is not real but imaginary because of the Grassmann property (11) and should always be
accompanied by the imaginary unit i in (Grassmann-even real) Lagrangian. Then, the matrix Dαβ is a pure imaginary matrix, which
is consistent with its anti-Hermitian property. For instance, when the Lagrangian includes 1
2
θαθβ θ˙αθ˙β , Dαβ includes θαθβ , which is
anti-Hermitian as (θαθβ)
† = (θ∗
β
θ∗α)
T = (θβθα)
T = θαθβ = −θβθα. We note that the transpose defined by replacing subscripts of the
elements of a matrix implies a property (EF )T = (−)εF εEFTET .
8Let us explicitly write the Lagrangian for this case.
L = GI(q
i, q˙i)xI , where x =


1
iθ1θ2
iθ1θ˙1
iθ2θ˙2
iθ1θ˙2
iθ2θ˙1
iθ˙1θ˙2
θ1θ2θ˙1θ˙2


, (52)
and GI (I = 1, 2, · · · , 8) are functions depending on qi and q˙i only. Therefore, we obtain
D12 = iG7 +G8θ1θ2 . (53)
Applying the degeneracy condition, we have G7 = 0. The momenta are now
7
π1 = GI
∂xI
∂θ˙1
= −iG3θ1 − iG6θ2 +G8θ1θ2θ˙2 , π2 = GI ∂xI
∂θ˙2
= −iG5θ1 − iG4θ2 −G8θ1θ2θ˙1 . (54)
The explicit form of Aij is
Aij = A
(0)
ij +
∑
I>1
AIijxI , where A
I
ij =
∂2GI
∂q˙j∂q˙i
, A
(0)
ij = A
1
ij . (55)
The inverse is easily obtained since we have assumed A
(0)
ij has the inverse:
Ajk =
(
δjl −Ajm(0)
∑
I>1
AImlxI +A
jm(0)
∑
I>1
AImnxIA
nr(0)
∑
J>1
AJrlxJ
)
Alk(0) . (56)
Let us note that xI (I > 1) have at least one of θ1 and θ2 except for I = 7, which does not contribute because
of the degeneracy condition. Each component of the coefficient in the left-hand side of Eq. (49) is calculated
straightforwardly and we have
D11 − C1iAijBj1 = D22 − C2iAijBj2 = 0 ,
D12 − C1iAijBj2 =
[
G8 +
(−G3,q˙jG4,q˙k +G6,q˙jG5,q˙k)Ajk(0)] θ1θ2 ,
D21 − C2iAijBj1 = −(D12 − C1iAijBj2) . (57)
Since D − CA−1B has terms with θ1θ2, we need to multiply (49) by θ1 or by θ2 to have relations among the
canonical variables. For instance, we multiply it by θ1; however, we cannot have reasonable ones since they have
θ1δπα, which means ∂πα/∂z (z = q
i, pi, θ1, θ2) cannot be determined uniquely as we can add arbitrary functions
proportional to θ1,
∂πα
∂z
→ ∂πα
∂z
+ gαz(q, p)θ1 . (58)
Therefore, no phase space variable is properly constrained by these relations 8. A quite similar discussion applies
when we multiply (49) by θ2. To avoid such a situation, the coefficient matrix of δθ˙ in (49), D − CA−1B, must
vanish for the N = 2 case, and we then have two primary constraints,
δφα = δπα − CαiAijδpj +
(
CαiAijLq˙jqk − Lθ˙αqk
)
δqk −
(
CαiAijLq˙jθβ + Lθ˙αθβ
)
δθβ = 0 , (59)
whose number is sufficient to eliminate half degrees of freedom in phase space.
7 When we do not require the degeneracy condition, iG7θ˙2 and −iG7θ˙1, do appear in (54), which makes them solvable for θ˙2 and θ˙1,
and extra degrees of freedom, corresponding to the fermionic ghost, remain in the fermionic sector.
8 This requirement is referred to as “regularity condition”, where the Jacobian matrix of the M ′ (independent) constraints with respect to
the canonical variables should have rank M ′, and hence, the constraints properly reduce the dimension of the phase space, as explained
in [44].
9• N ≥ 3 case:
Let us consider the N ≥ 3 case. In this case, the degenerate condition is no longer enough to eliminate all
the extra degrees of freedom, and the analysis becomes quite involved. Thus, we just comment on the general
analysis in Appendix A and concentrate on the case where all the extra degrees of freedom are eliminated only
by primary constraints from now on, as similarly done in the bosonic case [41]. Here we suppose that all the
elements in the coefficient matrix of the left hand side in (49) vanish,
Dαβ − CαiAijBjβ = 0 , (60)
which yields N primary constraints,
δπα − CαiAijδpj+
(
CαiAijLq˙jqk − Lθ˙αqk
)
δqk−
(
CαiAijLq˙jθβ + Lθ˙αθβ
)
δθβ = 0 . (61)
A straightforward calculation shows that they actually satisfy the integrable condition (including the case of
N = 2), and therefore, they have the integrated form,
φα = πα − Fα(q, p, θ) = 0 . (62)
In Appendix C, we give an alternative proof of the equivalence of (60) and the existence of the primary con-
straints.
To summarize, the degeneracy condition, detD
(0)
αβ = 0, is equivalent to the maximally-degenerate condition, D −
CA−1B = 0, for the N = 1 and N = 2 cases. For N ≥ 3, the latter one is a sufficient (but not necessary) condition
for the former. In the following, we simply adopt the condition D − CA−1B = 0 for any N .
B. Total Hamiltonian and Dirac bracket
We have obtained the condition generating N primary constraints, which would eliminate the fermionic ghosts,
for the Lagrangian with up to first time derivatives of N fermions and n bosons. In this subsection, we perform the
explicit Hamiltonian analysis to find supplementary conditions for avoiding negative norm states.
Taking into account the primary constraints (62), obtained from the maximally-degenerate condition (60), the total
Hamiltonian is given by
HT = H + φαµ
α , (63)
where the Hamiltonian H is defined in (24), and µα are the Lagrange multipliers. The variations of the Lagrangian
including the constraints with respect to the canonical variables yield
q˙i =
∂H
∂pi
+
∂φα
∂pi
µα ≈ {qi, HT } , p˙i = −∂H
∂qi
− ∂φα
∂qi
µα ≈ {pi, HT } , (64)
θ˙α = − ∂H
∂πα
− ∂φβ
∂πα
µβ ≈ {θα, HT } , π˙α = − ∂H
∂θα
− ∂φβ
∂θα
µβ ≈ {πα, HT } . (65)
The time derivative of the primary constraints (62) is given by
φ˙α ≈ {φα, HT } ≈ {φα, H}+ {φα, φβ}µβ ≈ 0 , (66)
where we have used the identity (30). Since we have a sufficient number of constraints, we assume that the Poisson
brackets between the primary constraints,
Cαβ ≡ {φα, φβ} = ∂Fα
∂qi
∂Fβ
∂pi
− ∂Fα
∂pi
∂Fβ
∂qi
+
∂Fα
∂θβ
+
∂Fβ
∂θα
, (67)
have their inverse,
detC
(0)
αβ 6= 0 , (68)
where
C
(0)
αβ = Cαβ |θ=0 =
(∂Fα
∂θβ
)(0)
+
(∂Fβ
∂θα
)(0)
, (69)
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which means all the primary constraints (62) are second class 9 10. As a result, all the Lagrange multipliers µα are
fixed, and no further constraints appear. The total number of degrees of freedom is now (2(n+N)−N)/2 = n+N/2
as desired. The Dirac brackets between θα are given by
{θα, θβ}D = {θα, θβ} − {θα, φγ}(C−1)γδ{φδ, θβ} = −(C−1)αβ . (70)
By virtue of the Dirac brackets, other relations including π are expressed only in terms of q, p and θ as
{θα, πβ}D = {θα, Fβ}D , {πα, πβ}D = {Fα, Fβ}D , (71)
which implies that the degrees of freedom corresponding to π are completely eliminated from the dynamics and we
need not consider them after the quantization. (All the Dirac brackets between the canonical variables are calculated
in Appendix D.) Following the quantization prescription, we have
{θˆα, θˆβ}+ = −i(C−1(qˆ, pˆ, θˆ))αβ . (72)
Though, in general, the matrix Cαβ is a function of all the canonical variables, let us assume that it depends only on
bosonic variables (q, p) for a concrete statement. Then, as long as all the eigenvalues of −iC−1αβ , or of iCαβ, are positive
definite, any fermionic states have their positive norm. As a consequence, we have obtained a set of sufficient conditions
for avoiding negative norm states, which are, more concretely, the maximally-degenerate condition D − CA−1B = 0,
det{φα, φβ}(0) 6= 0, and positive definiteness of i{φα, φβ} (with suitable initial values of canonical variables solving
the constraints).
C. Sufficient conditions in Lagrangian formulation
In this subsection, we derive the relations between the obtained conditions in Hamiltonian formulation and the
equations of motion derived in Lagrangian formulation. It becomes clear that the maximally-degenerate condition for
the absence of the fermionic ghosts guarantees that the equations of motion for fermions are first-order differential
equations. We also express the Poisson brackets between the constraints in terms of the equations of motion and
find that the invertibility of the Poisson brackets, which is responsible for keeping the number of degrees of freedom
n + N/2, is equivalent to the condition that the equations of motion for fermions be uniquely solved for the first
derivatives of fermions.
The Euler-Lagrange equations (22), derived from the Lagrangian (21), can be written as
K
(
q¨j
θ¨β
)
=
(
Ei
Eα
)
, (73)
where we have defined a Grassmann-even column vector Ei and a Grassmann-odd one Eα as
Ei(q
i, q˙i, θα, θ˙α) = Lqi − q˙jLq˙iqj − θ˙αLq˙iθα , (74)
Eα(qi, q˙i, θα, θ˙α) = Lθα − q˙iLθ˙αqi − θ˙βLθ˙αθβ . (75)
Then, the invertibility of the matrix Aij suggests that the first line of (73) can be rewritten as
q¨i = AijEj −AijBjβ θ¨β . (76)
Plugging (76) into the second line of (73), we obtain second-order differential equations for fermions,
(Dαβ − CαiAijBjβ)θ¨β = Eα − CαiAijEj . (77)
9 It should be noticed that, even if we distinguish the maximal number of first class constraints, the number of second class constraints
for fermionic system is not necessarily even, in sharp contrast with bosonic case. This is because the Poisson brackets between fermionic
variables are not anti-symmetric but symmetric on the replacement of the variables.
10 Let us mention the case where the Poisson brackets are not invertible, i.e., det{φα, φβ}
(0) = 0. In the usual Dirac’s algorithm, we
immediately have (at most) N − r secondary constraints, where r is the rank of {φα, φβ}. In our case, where we, in general, have
fermionic non-linear terms in the Lagrangian, we need several conditions to have secondary constraints and definite dynamics. Please
see Appendix B for further discussion.
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When we impose the maximally-degenerate condition (60), the left-hand side of (77) vanishes, and the equations of
motion for fermions become first-order differential equations,
Yα(qi, q˙i, θα, θ˙α) ≡ Eα − CαiAijEj = 0 . (78)
Here, the first-order equations should be solved for θ˙α in order for θ˙α to be uniquely determined. Then, the inverse
function theorem suggests another condition, which we call the uniqueness condition,
det J
(0)
αβ 6= 0 , (79)
where we defined a Grassmann-even matrix,
Jαβ =
∂Yα
∂θ˙β
∣∣∣∣
q,q˙,θ
. (80)
To see that the equations of motion for qi remain second-order differential equations, we first take the time derivative
of (78),
Y˙α = q¨i ∂Yα
∂q˙i
+ θ¨β
∂Yα
∂θ˙β
+ q˙i
∂Yα
∂qi
+ θ˙β
∂Yα
∂θβ
= 0 . (81)
Since we have imposed (79), one can solve this expression for θ¨α. Then, substituting this into the equations (76), we
obtain the second-order differential equations for qi,
q¨k
(
δik −AijBjβJβγ
∂Yγ
∂q˙k
)
= AijEj +A
ijBjβJβγ
(
q˙k
∂Yγ
∂qk
+ θ˙δ
∂Yγ
∂θδ
)
. (82)
One can immediately notice that the time evolution of qi is uniquely determined since the coefficient matrix of q¨i
is invertible. Therefore, we find that the bosons and the fermions respectively obey second-order and first-order
equations,
q¨i =W i(qj , q˙j , θβ) , θ˙α = Zα(qj , q˙j , θβ) , (83)
where W i and Zα are even and odd functions of qi, q˙i, and θα. Thus, the number of the initial conditions needed
to solve these equations is 2n + N , which agrees with the dimension of the phase space analyzed in Hamiltonian
formulation.
Now we would like to show that the above condition (79) is equivalent to the invertibility of the Poisson brackets
between the primary constraints, introduced as (68). As in the case of bosons [41], we will make use of the primary
constraints (62). Recall that πα = ∂L/∂θ˙
α and pi = ∂L/∂q˙
i. The derivatives of the constraints, πα = F (q
j , pj , θβ),
with respect to qj , q˙j , θβ , and θ˙α can be written as
Lθ˙αθ˙β = Lq˙iθ˙β
∂Fα
∂pi
, (84)
Lθ˙αθβ = Lq˙iθβ
∂Fα
∂pi
+
∂Fα
∂θβ
, (85)
Lθ˙αq˙j = Lq˙iq˙j
∂Fα
∂pi
, (86)
Lθ˙αqj = Lq˙iqj
∂Fα
∂pi
+
∂Fα
∂qj
. (87)
Plugging these relations into (78) through (74) and (75), we obtain the explicit expression for Yα,
Yα = Lθα − q˙i ∂Fα
∂qi
− θ˙β ∂Fα
∂θβ
− ∂Fα
∂pi
Lqi . (88)
Let us calculate
∂Yα
∂θ˙β
∣∣∣∣
q,p,θ
=
∂Yα
∂θ˙β
∣∣∣∣
q,q˙,θ
+
∂q˙i
∂θ˙β
∣∣∣∣
q,p,θ
∂Yα
∂q˙i
∣∣∣∣
q,θ,θ˙
. (89)
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Here we note that
∂q˙i
∂θ˙β
∣∣∣∣
q,p,θ
= AijBjβ = −∂Fβ
∂pi
, (90)
where we have used (48) and (86). The left hand side of (89) is explicitly calculated as
∂Yα
∂θ˙β
∣∣∣∣
q,p,θ
=
(
Lθαθ˙β +
∂q˙i
∂θ˙β
Lθαq˙i
)
− ∂q˙
i
∂θ˙β
∂Fα
∂qi
− ∂Fα
∂θβ
+
∂Fα
∂pi
(
Lqi θ˙β +
∂q˙j
∂θ˙β
Lqi q˙j
)
=
(
−Lq˙iθα
∂Fβ
∂pi
− ∂Fβ
∂θα
+
∂q˙i
∂θ˙β
Lθαq˙i
)
− ∂q˙
i
∂θ˙β
∂Fα
∂qi
− ∂Fα
∂θβ
+
∂Fα
∂pi
(
Lq˙jqi
∂Fβ
∂pj
+
∂Fβ
∂qi
+
∂q˙j
∂θ˙β
Lqi q˙j
)
= −
(
∂Fα
∂qi
∂Fβ
∂pi
− ∂Fα
∂pi
∂Fβ
∂qi
+
∂Fα
∂θβ
+
∂Fβ
∂θα
)
= −{φα, φβ} , (91)
where we have used (85) and (87) in the second line, and (90) in the third line. Therefore, we find
∂Yα
∂θ˙β
∣∣∣∣
q,p,θ
= −{φα, φβ} = ∂Yα
∂θ˙β
∣∣∣∣
q,q˙,θ
+AijBjβ ∂Yα
∂q˙i
∣∣∣∣
q,θ,θ˙
, (92)
where we again used (90) in the right hand side of (89), and
−C(0)αβ = J (0)αβ . (93)
As a result, we explicitly see that the invertibility of Cαβ , (68), coincides with the non-zero determinant of J
(0)
αβ ,
the uniqueness condition (79). In other words, the condition that all the Lagrange multipliers be uniquely fixed is
equivalent to the condition that the time evolution of the system be uniquely determined.
V. CONCRETE MODELS
In the previous section, we have derived the conditions to successfully eliminate unwanted degrees of freedom in
the fermionic sector. In this section, we provide some examples of a degenerate (boson-)fermion system, having
n+N/2 physical degrees of freedom.
Example 1 : Let us first consider the simplest example, where the bosonic sector is absent. In this case, one
can immediately notice that the Lagrangian should be linear in the time derivatives of fermions from the maximally-
degenerate condition (60). Then, the most general Lagrangian in this case is given by
L = ifα(θ
β)θ˙α , (94)
where fα are arbitrary Grassmann-odd functions of θ
β . The momenta are easily found as
πα = −ifα , (95)
which lead to the constraints, φα = πα + ifα. As long as the matrix,
Cαβ = −i∂fα
∂θβ
− i ∂fβ
∂θα
, (96)
is invertible, the number of degrees of freedom is N/2.
Example 2 : The second example is a Lagrangian for n = 1 and N = 2,
L =
1
2
q˙2 + iq˙(θ1 + θ2)θ˙1 , (97)
which satisfies the condition (60). The momenta are given by
p = q˙ + i(θ1 + θ2)θ˙1 , π1 = −iq˙(θ1 + θ2) , π2 = 0 , (98)
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where the last two lead to the primary constraints, φ1 = π1 + ip(θ1 + θ2) and φ2 = π2. Then, the constraint matrix
Cαβ is invertible (for a non-zero value of p) since
detCαβ = p
2 . (99)
Thus, the total number of degrees of freedom is 2 = 1 + 2× 1/2.
Example 3 : An example for n = 1 and arbitrary N is given by
L =
1
2
q˙2 + i
(
f1(q, θ
β) + f2(q, θ
β)q˙
)
θαθ˙
α +
1
2
g(q, θγ)θαθβ θ˙
αθ˙β . (100)
The maximally-degenerate condition,
Lθ˙αθ˙β + Lθ˙αq˙L
−1
q˙q˙ Lq˙θ˙β =
(
g − (f2)2
)
θαθβ = 0 , (101)
implies g = f22 , which we suppose from now on. The conjugate momenta are
p = q˙ + if2θαθ˙
α , (102)
πα = −i(f1 + f2q˙)θα + gθαθβ θ˙β = −i(f1 + f2p)θα , (103)
where the last line is again regarded as the primary constraints, φα = πα+ i(f1+ f2p)θα. As long as (f1 + f2p)|θ=0 =
f
(0)
1 + f
(0)
2 p 6= 0, the constraint matrix Cαβ is invertible since
detC
(0)
αβ =
(−2i(f (0)1 + f (0)2 p))N . (104)
Then, the system has N second class constraints, and the total number of degrees of freedom is 1 +N/2.
Example 4 : A similar but practically different model to the previous one is
L =
1
2
(q˙ + iǫαβθ
αθ˙β)2 +
i
2
θαθ˙
α . (105)
We should note that it is not an essentially new model since there exists an invertible transformation as q → q +
(i/2)ǫαβθ
αθβ and θα → θα between this Lagrangian and L = q˙2/2 + (i/2) θαθ˙α. However, it would be worthwhile
to examine this model because we have found a field theoretical extension of this model as exhibited in Appendix E.
The conjugate momenta are
p = q˙ + iǫαβθ
αθ˙β , (106)
πα = iǫαβθ
β(q˙ + iǫγδθ
γ θ˙δ)− i
2
θα = iǫαβθ
βp− i
2
θα . (107)
Therefore, N primary constraints are found as φα = πα − iǫαβθβp+ (i/2)θα. The Poisson brackets,
{φα, φβ} = −iδαβ , (108)
imply the invertibility since
detCαβ = (−i)N . (109)
As a result, the number of degrees of freedom is 1 + N/2. If the canonical kinetic term, (i/2)θαθ˙
α, is absent, this
system will generate secondary constraints and/or have first class constraints since {φα, φβ} vanishes. The use of
(i/2)ǫαβθ
αθ˙β instead of (i/2)θαθ˙
α also gives the vanishing Poisson brackets and does not work as well. In those
cases, we will have a smaller number of degrees of freedom than 1 + N/2, which shows the explicit difference from
Example 3. In the field theoretical extension given in Appendix E, the standard Weyl kinetic term plays the same
role with (i/2)θαθ˙
α.
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VI. SUMMARY
As mentioned in [44], even when the Lagrangian contains only up to first derivatives of fermions, a non-degenerate
fermionic system always suffers from the presence of negative norm states, which come as a consequence of the
existence of extra degrees of freedom. Although the situation in the fermionic case is more involved because of the
Grassmann property of fermionic variables, this can be contrasted with a non-degenerate bosonic system containing
second or higher derivatives in the Lagrangian. In such bosonic system, the Hamiltonian should include terms linear in
momentum, making the Hamiltonian unbounded from below. This is what is called Ostrogradsky’s ghost instability.
So far, there seem to be no obvious criteria to determine the existence of the ghosts in fermionic system at the
classical level, which are, in turn, transparently observed as negative norm states once the system is quantized. (The
relation between Ostrogradsky’s ghosts and negative norm states is more obvious in a bosonic system as shown in
[48].) To avoid these negative norm states, the fermionic system must be degenerate and contain a sufficient number
of constraints to eliminate half degrees of freedom in phase space, whose situation is similar for a bosonic Lagrangian
including second derivatives as investigated in [41].
In this paper, we have investigated extended fermionic theories non-trivially coupled with healthy bosons in the
context of a point particle system. In Hamiltonian formulation, we have explicitly shown the maximally-degenerate
condition to have N primary constraints, which possibly lead to an appropriate number of degrees of freedom, n+N/2,
and remove fermionic ghosts. The condition is that all the components of D−CA−1B vanish, which looks quite similar
to that in a degenerate bosonic system. We have also obtained another condition, the Poisson brackets between the
primary constraints must be invertible, to complete the Hamiltonian analysis. This is not only because we need not
have secondary constraints since we already have a sufficient number of constraints, but also because the definite time
evolution of the system is not guaranteed in a fermionic system. It is noteworthy that such a doubt about whether
we have the unique time evolution from a set of initial conditions without any ambiguity other than gauge degrees
of freedom never appears in a purely bosonic system and is specific to the system including fermions. In Lagrangian
formulation, we have derived equations of motion and found that satisfying the maximally-degenerate condition is
equivalent to the condition that all the fermionic equations of motion be first-order differential equations. There,
we have also shown that the invertibility of the Poisson brackets between the primary constraints coincides with
the uniqueness condition that all the velocities of fermions be uniquely determined by the N first-order differential
equations, i.e., the time evolution is uniquely solved as mentioned above. As a result, we conclude that, when both
of the conditions are satisfied, primary constraints properly reduce the dimension of the phase space to 2n+N , and
correspondingly lead to n + N/2 physical degrees of freedom as desired. We have also provided some interesting
examples, satisfying the conditions we derived in the general framework. As a special case where we have only
fermionic variables, the Lagrangian should be linear in the time derivative of fermionic variables, which results in
just a simple extension of Weyl fermions. Once fermionic variables are coupled to bosonic ones, their nonlinear
derivative interaction comes in, and a variety of extensions, most of which might never have been considered, become
possible, as some are explicitly given in the text. Our analysis suggests the possibility of nonlinear extension to
higher derivatives of fermions, and it is natural to next consider a further extension to Lorentz-invariant theories.
As an implication to such field theoretical extension, we have presented a Lorentz-invariant ghost free boson-fermion
co-existence Lagrangian in Appendix E. The full analysis in the context of field theory will be reported soon in a
future work [49].
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Appendix A: Detailed analysis in partially-degenerate case
Even if we do not impose the maximally-degenerate condition (60), there is room to correctly remove the extra
degrees of freedom and to have ghost-free action. One possibility is to have first class constraints, and the other
is to generate secondary or further constraints. Of course, both of them might be realized simultaneously. In this
appendix, let us consider such possibilities. Though we do not have practical examples for them here, we obtain
necessary conditions for the Lagrangian when we apply such the partially-degenerate case.
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Since D
(0)
αβ is an anti-Hermitian matrix
11, it can be diagonalized by a unitary matrix Pαβ(q, p). Multiplying (49)
by P−1, we obtain
P−1(D − CA−1B)P P−1δθ˙ = P−1
(
δπ − CA−1δp+ (CA−1Lq˙q − Lθ˙q)δq − (CA−1Lq˙θ + Lθ˙θ)δθ
)
, (A1)
where we omitted the indices for simplicity. Then, the matrix in the left hand side has the following form,
P−1(D − CA−1B)P =
(
Rm×m Sm×(N−m)
T(N−m)×m U(N−m)×(N−m)
)
, (A2)
where
R(0) = diag{λ1, ..., λm} , S(0) = 0 , T (0) = 0 , U (0) = 0 . (A3)
We note that m is the rank of D
(0)
αβ , and λ1, ..., λm are non-zero eigenvalues of D
(0)
αβ . We rewrite (A1) as(
RIJ SIb
TaJ Uab
)(
(P−1δθ˙)J
(P−1δθ˙)b
)
=
(
(P−1δφ˜)I
(P−1δφ˜)a
)
, (A4)
where
δφ˜ = δπ − CA−1δp+ (CA−1Lq˙q − Lθ˙q)δq − (CA−1Lq˙θ + Lθ˙θ)δθ , (A5)
I, J = 1, · · · ,m, and a, b = m+ 1, · · · , N . (We have omitted the subscripts in (A5).) Since R is invertible, one can
solve the first line for (P−1δθ˙)J , and hence, this does not produce any constraints. On the other hand, eliminating
(P−1δθ˙)J in the second line of (A4) by using the first line, we find
(Uab − TaI(R−1)IJSJb)(P−1δθ˙)b = (P−1δφ˜)a − TaI(R−1)IJ(P−1δφ˜)J . (A6)
Note that U − TR−1S has no purely bosonic part and starts from quadratic terms of fermionic variables and their
time derivatives. As mentioned in the case of N = 2, we need to multiply (A6) by fermionic variables to remove the
dependence on θ˙. Then, these are not acceptable constraints because we have the freedom to add arbitrary functions
to shift partial derivatives of π. 12 Therefore, we require
Uab − TaI(R−1)IJSJb = 0 , (A7)
which generate up to N −m primary constraints,
[(P−1)aα − TaI(R−1)IJ (P−1)Jα]δφ˜α = 0 . (A8)
As a result, (P−1δθ˙)b cannot be determined, and therefore, in order for (P
−1δθ˙)J to be determined by the first line
of (A4), the dependence on (P−1δθ˙)b should vanish, i.e., S = 0. Then, U = 0 follows from the condition (A7). Since
P−1(D − CA−1B)P is anti-Hermitian, T = −S† holds, and T = 0. Thus, the condition S = T = U = 0 is required.
Furthermore, to complete the Hamiltonian analysis, we need to check if there are secondary constraints. Please see
Appendix B for the following procedure.
Appendix B: Note on Dirac’s algorithm of Hamiltonian mechanics with fermionic variables
In this appendix, we would like to see how Dirac’s algorithm is modified for a fermionic system from the usual one
when the Poisson brackets between primary constraints are not invertible, det{φα, φβ}(0) = 0. As in purely bosonic
cases, after we obtain primary constraints φα(α = 1, · · · ,m′), we calculate the consistency conditions,
φ˙α = {φα, H}+ {φα, φβ}λβ ≈ 0 , (B1)
11 One should note that the degeneracy condition detD
(0)
αβ
= 0 is automatically satisfied thanks to the Jacobi’s theorem when the number
of fermions is odd.
12 In general, nonlinear terms in θ˙ may appear in the left hand side of (A6), which do not depend on any θ. In these cases, we do not have
even corresponding “apparent constraints” but some equations, which we can neither solve for δθ˙ nor constrain any canonical variables
with. As a result, none of the equations in (A6) can be regarded as constraints.
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where λα are Lagrangemultipliers. By taking the linear combinations of the constraints, we can redefine the constraints
and the Lagrange multipliers as
φ˙α = {φα, H}+
(
Vr×r Wr×(m′−r)
X(m′−r)×r Y(m′−r)×(m′−r)
)
αβ
λβ ≈ 0 , (B2)
where
detV (0) 6= 0 , W (0) = 0 , X(0) = 0 , Y (0) = 0 , (B3)
and r is the rank of {φα, φβ}(0). The difference from the usual cases is that W , X and Y can have fermionic
components. (Of course, V also can have fermionic components as well, but it is not so important here.) We can
discuss it in a similar manner to Appendix A. Let us decompose λα into (λ, λ¯)T and {φα, H} into (A,B)T , symbolically.
Then, the first line multiplied by V −1 is written as
λ ≈ − V −1Wλ¯− V −1A . (B4)
If we substitute this into the second line,
B +Xλ+ Y λ¯ ≈ 0 , (B5)
we have
(Y −XV −1W )λ¯ ≈ −B +XV −1A . (B6)
As before, Y −XV −1W does not have purely bosonic components, and therefore, λ¯ are not uniquely determined in
any practical ways.13 Thus, the condition,
Y −XV −1W = 0 , (B7)
would be required for a healthy constrained system, where the dynamics is uniquely solved when we specify a set of
initial conditions. Then, λ¯ are completely free, and we have at most m′ − r secondary constraints from
−B +XV −1A ≈ 0 . (B8)
If we would like to determine the remaining Lagrange multipliers λ uniquely, we need W = 0 as seen from (B4), which
means Y = 0 from (B7). In addition, since X = WT , X also vanishes. Then, the (possible) secondary constraints
reduce to B ≈ 0. We conclude that we need W = 0, X = 0 and Y = 0 to have the unique time development of the
system, that is, to obtain (possible) secondary constraints and to determine the Lagrange multipliers properly.
1. A simple example
We give one of the simplest examples to understand the above discussion more concretely,
L(θ, θ˙) = iθ1θ˙1 + θ˙1θ1θ2θ3 . (B9)
The primary constraints are
φ1 = π1 + iθ1 − θ1θ2θ3 , φ2 = π2 , φ3 = π3 . (B10)
13 When, for some lines of (B6), the right hand side is not weakly zero, −B + XV −1A 6≈ 0, and the left hand side does not vanish,
Y −XV −1W 6= 0, they lead to (apparent) secondary constraints. However, these constraints violate the regularity condition, and then,
we can rule out the possibility of having non-vanishing components in the corresponding lines of Y −XV −1W . On the other hand, such
discussion does not apply for the (weakly-)vanishing lines of −B +XV −1A. For an extreme example, where all lines of −B +XV −1A
completely vanish in the weak sense, the regularity condition is useless to rule out the possibility of having the non-vanishing components
of Y −XV −1W , and we need another condition, which corresponds to the uniqueness condition (79) in our case, where the maximally-
degenerate condition is applied. As far as we investigated, we do not deny the possibility that Lagrange multipliers that seem to conflict
with the condition would be fortunately determined by the consistency conditions of the secondary and the following constraints and
eventually give an unique time evolution, though such an example would be difficult to achieve.
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As easily verified with the constraints, the Hamiltonian vanishes, H = 0, which implies that no further constraints
appear from the consistency conditions, φ˙α ≈ 0, which are concretely written as
−2(i− θ2θ3) −θ1θ3 θ1θ2−θ1θ3 0 0
θ1θ2 0 0



λ1λ2
λ3

 = 0 . (B11)
The second and third lines cannot be solved for λ2 and λ3. Then, even if we solve the first line for λ1, we cannot
determine λ1 uniquely because of the dependence on λ2 and λ3. It should be noticed that, since no secondary
constraints appear, the regularity condition itself cannot rule out this example. In Lagrangian formulation, the
Euler-Lagrange equations are 
−2(i− θ2θ3) −θ1θ3 θ1θ2−θ1θ3 0 0
θ1θ2 0 0



θ˙1θ˙2
θ˙3

 = 0 , (B12)
where we see exactly the same structure with (B11). The velocities θ˙2 and θ˙3 are not determined, but we need their
information to follow the time evolution of θ1. As a result, there is no deterministic dynamics in this system. The
above example corresponds to W 6= 0, X 6= 0 and Y = 0 case, but W = 0, X = 0 and Y 6= 0 case is easily found by
turning off the first term in (B9), giving us a similar result.
Appendix C: Equivalence of the existence of N primary constraints and the maximally-degenerate condition
We have adopted D−CA−1B = 0 for any N . With this assumption, we have N relations determining the variation
of πα,
δπα − CαiAijδpj +
(
CαiAijLq˙jqk − Lθ˙αqk
)
δqk − (CαiAijLq˙jθβ + Lθ˙αθβ) δθβ = 0 . (C1)
In the following, we show that the condition, D − CA−1B = 0, indeed yields N primary constraints, determining πα
in terms of the other canonical variables, and confirm the equivalence between them without relying on the integrable
condition. The variations of the Lagrangian L(q, q˙, θ, θ˙) with respect to θ˙α give
πα = Fα(q, q˙, θ, θ˙) , where Fα(q, q˙, θ, θ˙) =
∂L(q, q˙, θ, θ˙)
∂θ˙α
∣∣∣∣∣
q,θ,q˙
. (C2)
Similarly, the variations of the Lagrangian with respect to q˙i give
pi = Gi(q, q˙, θ, θ˙) , where Gi(q, q˙, θ, θ˙) =
∂L(q, q˙, θ, θ˙)
∂q˙i
∣∣∣∣∣
q,θ,θ˙
. (C3)
Since the derivative of these with respect to q˙j coincides with the invertible matrix Aij defined in the text, the inverse
function theorem implies that we can locally write down
q˙i = gi(q, p, θ, θ˙) , (C4)
where gi are functions. If we substitute them into (C2), we have
πα = Fα(q, g(q, p, θ, θ˙), θ, θ˙) , (C5)
and the variations with respect to θ˙β with keeping q, θ and p fixed are
∂πα
∂θ˙β
∣∣∣∣
q,θ,p
=
∂Fα
∂θ˙β
∣∣∣∣
q,θ,q˙
+
∂gi
∂θ˙β
∣∣∣∣
q,θ,p
∂Fα
∂q˙i
∣∣∣∣
q,θ,θ˙
= Dαβ − CαiAijBjβ . (C6)
We find that the maximally-degenerate condition, D − CA−1B = 0, is exactly the same with the independence of πα
from θ˙β . Therefore, under (60), we actually have N primary constraints (62),
φα = πα − Fα(q, p, θ) = 0 . (C7)
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Appendix D: Dirac brackets in the maximally-degenerate case
We explicitly show all the Dirac brackets between the canonical variables calculated in the maximally-degenerate
case. They are
{θα, θβ}D = −(C−1)αβ , {θα, qi}D = (C−1)αγ ∂Fγ
∂pi
, {θα, pi}D = −(C−1)αγ ∂Fγ
∂qi
, (D1)
{qi, qj}D = ∂Fα
∂pi
(C−1)αβ
∂Fβ
∂pj
, {qi, pj}D = δij −
∂Fα
∂pi
(C−1)αβ
∂Fβ
∂qj
, {pi, pj}D = ∂Fα
∂qi
(C−1)αβ
∂Fβ
∂qj
, (D2)
and
{θα, πβ}D = −δαβ + (C−1)αγ
∂Fγ
∂θβ
, {πα, πβ}D = −∂Fγ
∂θα
(C−1)γδ
∂Fδ
∂θβ
, (D3)
which are found to be consistent with (71) by taking into account (67) and the following identities,
{θα, Fβ}D = {θα, θγ}D ∂Fβ
∂θγ
+ {θα, qi}D ∂Fβ
∂qi
+ {θα, pi}D ∂Fβ
∂pi
, (D4)
{Fα, Fβ}D ={θγ , θδ}D ∂Fα
∂θγ
∂Fβ
∂θδ
+ {θγ , qi}D
(∂Fα
∂qi
∂Fβ
∂θγ
+
∂Fα
∂θγ
∂Fβ
∂qi
)
+ {θγ , pi}D
(∂Fα
∂pi
∂Fβ
∂θγ
+
∂Fα
∂θγ
∂Fβ
∂pi
)
+ {qi, qj}D ∂Fα
∂qi
∂Fβ
∂qj
+ {pi, pj}D ∂Fα
∂pi
∂Fβ
∂pj
+ {qi, pj}D
(∂Fα
∂qi
∂Fβ
∂pj
− ∂Fα
∂pj
∂Fβ
∂qi
)
. (D5)
Appendix E: An example of ghost free boson-fermion system in field theory
In this Appendix, we give a simple extension to a boson-fermion system in the context of field theory. Let us
introduce a real scalar field φ(t,x) and a Weyl fermion ψα(t,x) (α = 1, 2), and consider the following Lagrangian
density 14,
L = 1
2
(∂µφ)
2 − i∂µφ(ψα∂µψα − ψ¯α˙∂µψ¯α˙) + i
2
(
ψ¯α˙σµαα˙∂µψ
α − ∂µψ¯α˙σµαα˙ψα
)
−1
2
(ψα∂µψα)
2 + (ψα∂µψα)(ψ¯α˙∂
µψ¯α˙)− 1
2
(ψ¯α˙∂µψ¯
α˙)2 . (E1)
Hereafter, we follow the spinor conventions in [50] and the metric signature convention, (+,−,−,−). The canonical
momenta are given by
πµφ =
∂L
∂(∂µφ)
= ∂µφ− i(ψα∂µψα − ψ¯α˙∂µψ¯α˙) , (E2)
πµψα =
∂L
∂(∂µψα)
= −i∂µφψα − i
2
ψ¯α˙σµαα˙ − ψα(ψβ∂µψβ) + ψα(ψ¯α˙∂µψ¯α˙) = −iπµφψα −
i
2
ψ¯α˙σµαα˙ , (E3)
πµ
ψ¯α˙
=
∂L
∂(∂µψ¯α˙)
= −i∂µφ ψ¯α˙ − i
2
σµαα˙ψ
α + ψ¯α˙(ψ¯β˙∂
µψ¯β˙)− ψ¯α˙(ψβ∂µψβ) = −iπµφψ¯α˙ −
i
2
σµαα˙ψ
α , (E4)
where we have eliminated ∂µφ by using πµφ in the second equalities of the expression of π
µ
ψα and π
µ
ψ¯α˙
. Note that the
momenta for ψ and ψ¯ are related through the anti-Hermitian relation, (πµψα)
† = −πµ
ψ¯α˙
. As one can see from (E3) and
14 Please note that upper indices are lowered by ǫαβ instead of δαβ , which we used in the text and in other appendices, i.e., ψα = ǫαβψ
α
rather than θα = δαβθ
β .
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(E4), the fermionic momenta are functions of other canonical variables, just as discussed in Sec. IVA. Therefore, the
zero-th components of the canonical momenta for the fermion yield four primary constraints,
Φψα ≡ π0ψα + iπ0φψα +
i
2
ψ¯α˙σ0αα˙ = 0 , (E5)
Φψ¯α˙ ≡ π0ψ¯α˙ + iπ0φψ¯α˙ +
i
2
σ0αα˙ψ
α = 0 . (E6)
We define Hamiltonian and total Hamiltonian as
H =
∫
d3x H , HT =
∫
d3x HT , (E7)
where their densities are
H = φ˙π0φ + ψ˙απ0ψα + ˙¯ψα˙π0ψ¯α˙ − L , HT = H+Φψαλα +Φψ¯α˙ λ¯α˙ . (E8)
Now we would like to use the Poisson bracket, defined as
{F(t,x),G(t,y)} (E9)
=
∫
d3z
[
δF(t,x)
δφ(t, z)
δG(t,y)
δπ0φ(t, z)
− δF(t,x)
δπ0φ(t, z)
δG(t,y)
δφ(t, z)
+ (−)εF
(
δF(t,x)
δψα(t, z)
δG(t,y)
δπ0ψα(t, z)
+
δF(t,x)
δπ0ψα(t, z)
δG(t,y)
δψα(t, z)
+
δF(t,x)
δψ¯α˙(t, z)
δG(t,y)
δπ0
ψ¯α˙
(t, z)
+
δF(t,x)
δπ0
ψ¯α˙
(t, z)
δG(t,y)
δψ¯α˙(t, z)
)]
.
(E10)
The Poisson brackets between the canonical variables are given by
{φ(t,x), π0φ(t,y)} = δ3(x − y) , (E11)
{ψα(t,x), π0ψβ (t,y)} = −δαβ δ3(x− y) , (E12)
{ψ¯α˙(t,x), π0
ψ¯β˙
(t,y)} = −δα˙
β˙
δ3(x− y) , (E13)
while the other Poisson brackets vanish. Then, the Poisson brackets between the primary constraints are
{Φψα(t,x), Φψβ (t,y)} = 0 , (E14)
{Φψ¯α˙(t,x), Φψ¯β˙ (t,y)} = 0 , (E15)
{Φψα(t,x), Φψ¯α˙(t,y)} = −iσ0αα˙δ3(x − y) . (E16)
Then the time-evolution of the primary constraints are
Φ˙ψα(t,x) = {Φψα(t,x), HT } = {Φψα(t,x), H}+
∫
d3y {Φψα(t,x), Φψ¯α˙(t,y)}λ¯α˙(t,y) ≈ 0 , (E17)
Φ˙ψ¯α˙(t,x) = {Φψ¯α˙(t,x), HT } = {Φψ¯α˙(t,x), H}+
∫
d3y {Φψ¯α˙(t,x), Φψα(t,y)}λα(t,y) ≈ 0 . (E18)
Thus, all the Lagrange multipliers are fixed,(
λα(t,x)
λ¯α˙(t,x)
)
= −i
(
σ¯0α˙α{Φψ¯α˙(t,x), H}
σ¯0α˙α{Φψα(t,x), H}
)
, (E19)
and the primary constraints (E5) and (E6) are second-class. Thus, the number of degrees of freedom is
Degrees of freedom =
2× 1 (bosonic) + 2× 4 (fermionic)− 4 (constraints)
2
= 1 (bosonic) + 2 (fermionic) ,
(E20)
as desired. Therefore, the theory (E1) is free of fermionic ghosts.
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Let us finally check the consistency with equations of motion derived in Lagrangian formulation. The equation of
motion for φ is given by
Eφ ≡ φ− i∂µ(ψα∂µψα − ψ¯α˙∂µψ¯α˙) = 0 , (E21)
and those for ψα and ψ¯α˙ can be written as
i∂µψ¯
α˙σµαα˙ + iEφψα = 0 , (E22)
iσµαα˙∂µψ
α + iEφψ¯α˙ = 0 . (E23)
The second terms in both equations, which contain the second derivatives of the fermion, vanish after using the
equation of motion for φ, and we then have the familiar Weyl equations, which results in
ψα = 0 , ψ¯α˙ = 0 , (E24)
by making use of the properties of the sigma matrix. We then substitute them back into (E21) to have
φ− i∂µψα∂µψα + i∂µψ¯α˙∂µψ¯α˙ = 0 , (E25)
and this is nothing but the second-order differential equation for φ, which ensures that the number of degrees of
freedom including fermionic degrees of freedom is 3.
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